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Abstract

We set up a macroeconomic epidemiological (SIR) model to evaluate the role of vac-

cination in the interactive dynamics of COVID-19 and the economy. We analytically

examine the existence and local stability properties of the four steady states and find

strong support for a locally stable interior equilibrium where the economy grows in the

continued presence of the pandemic. We also find that it might be possible to attain

a pandemic-free economic revival only if the rate of recovery from infection is faster

than a threshold level. We examine, both analytically and numerically, the impact

of various types of policy interventions, including non-pharmaceutical interventions

involving restrictions on economic activities (like lockdowns and travel restrictions) as

well as speeding up the rate of vaccination. We find that under reasonable parameter

configurations, a combination of large-scale vaccination as well as non-pharmaceutical

interventions are required to meet the twin objectives of controlling the pandemic and

reviving the economy.

Keywords: COVID-19, health, stability, vaccination, non pharmaceutical interven-

tion .
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1 Introduction

A key characteristic of the COVID-19 pandemic1, which swamped the whole world

in 2020, has been its wave like character of ebb and flow of infections and deaths.

These repeated waves of infections and deaths have often elicited policy responses

which themselves are not adequately planned and coordinated. In other words, pol-

icy interventions such as lock-downs of various types, testing, tracing, vaccinations,

economic support measures etc. in many countries have been erratic and short term.

This type of unsystematic policy response has partly been because the joint dynamics

of the COVID-19 pandemic and the economy have not been adequately understood.

This paper attempts to theoretically comprehend, in a preliminary manner, the in-

teractive dynamics of the process involving both the disease and the economy which

may underlie this wave like character of not only the pandemic and economic activity

but also policy response.

There has been a long tradition of mathematically modeling epidemics going

back to Kermack and McKendrick (1927). In these SIR models, the population is

divided into three categories: susceptible to infection (S), infected (I), and recovered

from infection (R). Subsequent studies extended the framework to include other cat-

egories, such as exposed to infection (E), quarantined (Q), leading to further classes

of epidemiological models including the SIR, SEIR, SIQR etc. A detailed examina-

tion of many these models is contained in Brauer, Castillo-Chavez, and Feng (2019).

The swiftness of the COVID-19 pandemic’s spread has necessitated a re-look at these

models set out for instance in Thomas et al. (2020), Anirudh (2020), Ndaïrou et al.

(2020), Ivorra et al. (2020), Kucharski et al. (2020), and Badr et al. (2020). In some of

these models, those who are infected acquire lifelong immunity and can never become

susceptible in the future. In such models, a process of natural convergence to herd

immunity (spontaneous herd immunity) may be possible, though this might come at

the cost of a significant loss of lives to the pandemic.

Policy interventions in the context of the COVID-19 pandemic have involved a

number of measures, of which we will focus on two; namely, the non-pharmaceutical

interventions (in the form of lockdowns, travel restrictions etc.) and vaccination. The

non-pharmaceutical interventions reduce the new infections, other things remaining

the same. But these measures also create livelihood concerns. If not accompanied

with various forms of economic support, the adverse economic impact of these mea-

sures result in either political pressure for their withdrawal, or violations of these

measures or some combination of both. As a result, policymakers end up responding

1COVID-19 is a rapidly transmissible disease, caused by the SARS-Cov-2 virus. The transmission

of this disease is often by individuals who are asymptomatic Organization (0009). COVID-19 was

first clinically detected in the Wuhan province of China. However it rapidly proliferated to the rest of

the world. The World Health Organization publicly declared that COVID-19 was a global pandemic

on March 11, 2020 (Organization 0011).

2



to not only the pandemic but also to the contractionary economic outcome of these

non-pharmaceutical policy interventions. As the pandemic proliferated, the diverse

types of non-pharmaceutical interventions resulted in significant economic contraction

in most countries. This economic contraction had a differential impact on various

classes and strata in the population. The economically and socially vulnerable sec-

tions often experienced the greatest economic setback (see, for instance, Witteveen

2020; Czymara, Langenkamp, and Cano 2020; Hu 2020; Carlitz and Makhura 2021).

The adverse political implications of these consequences, in the absence of significant

economic measures, have often resulted in policymakers reversing some of the restric-

tions on economic activities placed earlier (see, for instance, Tsai et al. 2020; Dagpunar

2020; Leung and Wu 2020; Yu, Qi, and Hu 2020; Rudan 2020). This, one might ar-

gue, might have played a key role in re-ignition of the next wave of the pandemic.

Pure epidemiological models, which do not take into account the economic impact

of these non-pharmaceutical measures, will not be in a position to capture the inter-

active dynamics of these processes. As a result, a new set of studies have emerged,

which attempt to understand the dynamic interaction between the epidemiological

and macroeconomic processes.

Toxvaerd (2020) and Makris and Toxvaerd (2020) sought to formally model the

response of individuals to the pandemic where physical distancing in society emerged

as a consequence of optimal behavior. However, such models do not adequately

integrate the role of the macroeconomic considerations in the pandemic. Some early

literature on the economic impact of the COVID-19 pandemic dealt with it primarily

as a preference or supply shock (cf. Fornaro and Wolf 2020; Castro 2020; Guerrieri

et al. 2020). As a result such models did not endogenize the interactive dynamics of

the pandemic and economic activity.

Some subsequent studies adopt an alternative approach by trying to combine

two models from the fields of epidemiology and New Keynesian macroeconomics, the

SIR and the DSGE models respectively, in order to model the joint dynamics of the

epidemiological and macroeconomic processes. Eichenbaum, Rebelo, and Trabandt

(2020b) represents one of the early examples of this type of modeling. Eichenbaum,

Rebelo, and Trabandt (2020b) postulate that representative agents from each of the

three categories considered in the SIR model optimize their lifetime utility function

(with consumption and leisure as arguments) in an infinite horizon setting. These

agents, they argue, incorporate the transition probabilities between these three epi-

demiological categories under rational expectations. Many of these models assume

that there exists perfect information regarding the dynamic trajectories of infection

as well as their own current state. The agents may cut back on consumption and labor

so as to reduce the probability of getting infected. However, they do not cut back on

their consumption and leisure adequately enough due to market failure. This market

failure tends to arise from the fact that these agents do not completely internalize the
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social costs of being infected as their optimization program depend only on the private

costs. In this class of models, spontaneous herd immunity is attainable, but it might

involve a very high social cost (both in terms of economic losses and public health

setbacks). This might be attenuated by putting in place various non-pharmaceutical

interventions such as restrictions on economic activities at an initial stage of the pan-

demic. Eichenbaum, Rebelo, and Trabandt (2020a) is another study that treads a

similar path to Eichenbaum, Rebelo, and Trabandt (2020b), but in addition, it also

considers alternative market structures.

Many recent studies recognize that both private agents as well as policymakers

might possess only imperfect information about the pandemic. Farboodi, Jarosch, and

Shimer (2020), for instance, proposes a general equilibrium model of optimization of

private agents in an infinite horizon setting. The representative agent derives utility

from social activity, but cuta back on social activities in order to try and deal with

the pandemic. Farboodi, Jarosch, and Shimer (2020) depart from the assumption

of perfect information in that the representative agent does not know whether it

is susceptible or infected. Along similar lines, Eichenbaum, Rebelo, and Trabandt

(2020c) incorporate the role of testing in a mathematical model where those who are

untested do not know their current state, which raises the question of evaluation of the

economic costs and benefits of testing in a general equilibrium setting. However, the

inadequacy of information, according to Eichenbaum, Rebelo, and Trabandt (2020c),

is primarily confined to the current state of health of the agent, which is addressable

by testing. Like many other models in this line of literature, the private agents in

Eichenbaum, Rebelo, and Trabandt (2020c) know (or are able to learn) the dynamic

laws of motion of infection. Therefore they are in a position to undertake the dynamic

optimization exercise under rational expectations. The empirical exercise carried out

in Eichenbaum et al. (2020) is based on a partial equilibrium model. It seeks to explore

the impact of the absence of information in the context of the standard economic

theory of risk. Nevertheless, Eichenbaum et al. (2020) postulates that several pieces

of information are arguments of the utility function. This includes, for instance, the

probability of a susceptible person getting infected or the probability of an infected

person dying. This is unrealistic, especially in the early stage of the pandemic. Like

many other SIR models, this model does not consider the possibility of reinfection

of those who have recovered. Besides, since Eichenbaum et al. (2020) is a partial

equilibrium model, it may not be able to adequately capture the joint dynamics of

the pandemic spread and related macroeconomic processes.

There have also been studies which do not assume rational expectations on the

part of agents in the model. Parui (2021) advances a model of interaction between

the economy and the epidemic but does not take into account the role of vaccination.

Datta and Saratchand (2021) put forward a model of the interaction between the

economy and the pandemic and analyze it without assuming particular functional
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forms. The current paper seeks to draw on the work in Datta and Saratchand (2021)

by incorporating the role of vaccination explicitly.

Vaccination introduces a new dimension into the interactive dynamics of the

pandemic and economic activity. Initially, the availability of vaccines is subject to

the necessary activity of invention and clinical trials being undertaken. Once vaccines

are available, their temporary trajectory might be constrained by the volume of pro-

duction and the public willingness to get vaccinated. The binding constraint among

these two factors might differ among countries. For countries with low levels of vac-

cination, vaccine hesitancy might not emerge as the binding constraint. In this case,

the ability of the government to direct resources to augment vaccine production or

acquirement will be decisive. International experience seems to suggest availability of

vaccines is a problem mainly with low and lower middle income countries, and gener-

ally not a problem with high income countries. If the vaccinated and those recovered

from reinfection are amalgamated together for simplicity, then the epidemiological

framework will still consist of three categories, namely, the susceptible, infected and

‘R’, which we can now rechristen as ‘resistant’. But it is now fairly evident that

immunity either due to vaccination or recovery from infection in the case of COVID-

19 is temporary. This is the case because of two factors: firstly, antibodies decline

in effectiveness over time; and, secondly, existing vaccines may not be able to offer

adequate protection from new variants of SARS-CoV-2.

In the light of the above discussion on the joint dynamics of epidemiological

and macroeconomic processes in the course of the COVID-19 pandemic, we identify

the following limitations and gaps in the current literature:

1. Many current studies employ some variant of the traditional SIR class of models

to represent the epidemiological process. Such models are possibly more suitable

for diseases like small pox, where one can acquire lifelong immunity either from

vaccination or after successfully recovering from infection. In fact, this acquired

immunity is key to achieving convergence in these models to a disease free state

through the attainment of spontaneous or vaccine based herd immunity. For

COVID-19, as we pointed out earlier, immunity of any kind is temporary.

2. Many (but not all) of the current models of the interactive dynamics of the

epidemic and economic activity are based on rational expectations hypothesis,

which assumes that the decision makers (either the households or the policymak-

ers) either know, or are able to learn about the law of motion of the infection.

However, COVID-19 is a relatively new disease and there is a lack of informa-

tion about many aspects of this disease. Moreover, a key characteristic feature

of this pandemic is the overwhelming presence of asymptomatic patients, who

inadvertently transmit the infection. In the absence of universal testing and

quarantine, any process of learning the objective model or its parameters would
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be quite difficult. Thus, it is quite unlikely that any agent will have access to

adequate of information to undertake a dynamic optimization exercise. Their

behavior is more likely to depend on some type of heuristics or various rules of

thumb.2

In the rest of this paper, we set up a model to deal with some (but not all of)

these issues. We incorporate the proportion of population who are vaccinated in the

category of those resistant from COVID-19 (either due to recovering from the disease

or through vaccines). In our framework, all agents operate on the basis of bounded

rationality where decisions are based on heuristic considerations. Section 2 sets out

the mathematical model and analyzes the existence and local stability of various

steady states; section 3 examines the comparative dynamic impact of policy changes

on the interior steady state; section 4 numerically examines the local stability and

dynamics of the interior steady state; Section 5 concludes the paper by summarizing

the key findings and suggesting some areas for future work in this research direction.

2 A Macroeconomic-SIR Model for COVID economy

2.1 Basic Setup

Consider the model of a closed economy before the onset of the pandemic. Let y

represent an index of the level of economic activities at time t, y ∈ ℜ+. Let the level of

economic activities, in the behavioral or disequilibrium macroeconomics tradition (see,

for instance, Flaschel et al. 2015) adjusts in a dynamic multiplier process to the gap

between aggregate demand and aggregate supply as follows:

ẏ

y
= α

[

yd (y)− f (y, i)
]

yd, f : ℜ+ → ℜ+, f (0) > 0, ydy < 0, fy > 0, fi < 0 (1)

where α > 0 is the speed of adjustment, while yd is the aggregate demand, whereas

f (y, i) is the aggregate supply. The aggregate supply, from standard production

technology, depends directly on the level of economic activities. However, with the

onset of the pandemic, the production process gets affected, firstly, due to the workers

falling sick, and secondly, due to the imposition of non-pharmaceutical interventions

by the government in the form of lockdowns and restrictions on economic activities in

order to control the pandemic. Thus, with the onset of the pandemic, the aggregate

supply depends inversely on the proportion of population which is infected3 If we

consider linear functional forms for both yd and f , with ydy < fy, then we have the

2A formal discussion of such heuristics in macroeconomic decision making might be found

in Grauwe (2012).
3In other words, the actual index of economy activity is ceteris paribus lower when there is policy

induced restrictions on economic activity. In addition, this will lead to a further decline in aggregate

demand, further affecting output negatively.
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following:
dy

dt
= αy (1− ηy − κi) (2)

with η, κ ≥ 0.

Now let us turn towards the dynamics of the growth of infected population. We

borrow this part of the model from the framework of the compartmental SIR models

originally introduced by Kermack and McKendrick (1927). Consider, for instance,

the simple version of this model found in Brauer, Castillo-Chavez, and Feng (2019,

chapter 2.4).The total population, P , population is divided into three compartments,

susceptible (S), those infected with COVID-19 (I) and the resistant (R), i.e. those

who recover from infection and develop antibodies which provide them with immunity

from infection. Therefore, we have

S + I +R = P (3)

We assume, for simplicity, that the population does not grow or decay during the

period under consideration, i.e. the birth and the death rates are equal. Follow-

ing Brauer, Castillo-Chavez, and Feng (2019, equation 2.10), a proportion βI (where

β ≥ 0) of susceptible persons get infected within a period of time by coming into con-

tact with infected persons, whereas a proportion ρ of infected persons recover within

the same period and develop antibodies to grow resistant to further infection. We

make the following modifications to this simple model:

1. In addition to βSI, another number of susceptible persons, jIy (with j ≥

0) become infected by coming together in their workplaces during economic

interactions. The spread of infection by this route depends directly on the level

of economic activities. This form of spread of the pandemic is fundamentally

different from that due to non-economic interaction, as this might take place in

workplaces, marketplaces, public transport etc. where large number of strangers

meet and it is difficult to isolate the infected persons from others.

2. We introduce vaccination into this model. A fraction ψ ≥ 0 of susceptible per-

sons directly become resistant without getting infected, by getting themselves

vaccinated.

3. However, the antibodies which are produced either from a past infection or

vaccines are not life-long. In a finite time vaccinated or recovered persons lose

their immunity and become susceptible again. In other words, within any finite

period, a fraction h ≥ 0 of resistant persons become susceptible.

We express this in the form of a modified version of the flowchart of the one found

in Brauer, Castillo-Chavez, and Feng (2019, figure 2.1), in figure 1 below. The dy-

namics of the flow between these three compartments might be expressed in the form
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Figure 1: Flowchart for modified macroeconomic SIR model

of the following differential equations:

dS

dt
= −βSI − jIy + ρI + hR − ψS

dI

dt
= βSI + jIy − ρI

dR

dt
= ψS + ρI − hR

(4)

Defining s ≡ S/P , i ≡ I/P and r ≡ R/P , we have s ≡ 1− i− r. This makes first of

the three equations in (4) redundant. Further, we define b ≡ βP , so that b ≥ 0 (since

β ≥ 0). Including (2), this allows us to express our model in the form of the following

three differential equations:

dy

dt
= αy (1− ηy − κi)

di

dt
= i [b (1− i− r)− ρ+ jy]

dr

dt
= ψ (1− i− r) + ρi− hr

(5)

We should point out here that κ, j and ψ are the three key variables which might

be influenced through policy interventions. Before the vaccines arrive, the policymaker

might face a trade-off between meeting the public health objective of controlling

the pandemic and the economic objective of maintaining economic activities. κ is

an indicator of the relative emphasis placed by the policymaker on public health.

Higher κ might mean that the policymaker places a greater emphasis on public health

objectives vis-à-vis the economic objectives, and is quick to respond to the spread of

infections with restrictions on economic activities. j, on the other hand, indicates the

effect of economic activities on transmission of the virus. This might largely depend

on epidemiological factors (like how infectious the disease is); however, j might be

controlled to an extent through policy measures with large-scale use of safety measures

including masks, sanitizers, provisions for physical distancing in workplaces etc. Once

vaccines become available, however, it allows the country to largely avoid this trade-

off by using large-scale vaccination to control the pandemic without curtailing the
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level of economic activities. However, being able to do so would depend on a number

of factors, including policy choices made by the government, political environment

in the country (including factors like presence of anti-vaccine sentiment) economic

capabilities of the country as well the intricacies of international political economy. η,

b, ρ and h, on the other hand, represent macroeconomic and epidemiological processes

which, at least in the short-run within the time-period of progress of the pandemic,

are largely beyond the control of policy interventions.

2.2 Equilibria and Local Stability

The dynamical system represented by (5) will have four steady states, which

are listed below:

1. E1 (ȳ1, ī1, r̄1) :

(

0, 0,
ψ

h+ ψ

)

, where the pandemic is fully controlled but at the

cost of an economic collapse.

2. E2 (ȳ2, ī2, r̄2) :

(

1

η
, 0,

ψ

h+ ψ

)

, the ‘good equilibrium’ where the pandemic is

brought under control without affecting the economy.

3. E3 (ȳ3, ī3, r̄3) :

(

0,
bh− ρh− ψρ

b (h+ ρ)
,
ρ (b− ρ+ ψ)

b (h+ ρ)

)

, the ‘bad equilibrium’ – a fail-

ure on all fronts – where there is an economic disaster without bringing the

pandemic under control.

4. E4 (ȳ4, ī4, r̄4) :
(

−
κbh−bh−κρh−ρb−κψρ
κhj+κψj+ηbh+ηρb , hj+ψj+ηbh−ηρh−ηψρ

κhj+κψj+ηbh+ηρb , ρj+κψj−ψj+ηρb−ηρ
2+ηψρ

κhj+κψj+ηbh+ηρb

)

,

the non-trivial equilibrium, i.e. E4 ∈ int ℜ3
+++ where both the economic activi-

ties and the proportion of infected persons in the economy stabilize at a non-zero

level.

We first check whether these steady states are economically and epidemiologically

meaningful. For this, we require that all the four steady states lie in the three dimen-

sional unit box, i.e. (ȳn, īn, r̄n) ∈ [0, 1] × [0, 1] × [0, 1] for n = 1, 2, 3, 4.

We begin by noting that E1 ∈ [0, 1]× [0, 1]× [0, 1]; further, E2 ∈ [0, 1]× [0, 1]×

[0, 1] provided η ≥ 1; in other words both these steady states are economically mean-

ingful with some reasonable restrictions on the parameter values (though economic

activities are very unlikely to converge to zero). Next, we note that the ‘bad equilib-

rium’, E3 ∈ ℜ3
+++ if and only if

ψ ∈

[

− (b− ρ) ,
h (b− ρ)

ρ

]

(6)

We should note that b > ρ is a necessary condition for (6) i.e.to be economically

meaningful. Further, we note that ī3 ∈ [0, 1] always, and the necessary and sufficient

condition for r̄3 ∈ [0, 1] is

ψ ≤
bh+ ρ2

ρ
(7)
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Combining (6) and (7), the necessary and sufficient condition for E3 to be economi-

cally meaningful is

ψ ∈

[

− (b− ρ) ,min

(

h (b− ρ)

ρ
,
bh+ ρ2

ρ

)]

(8)

In other words, a faster vaccination will make the ‘bad equilibrium’ economically

not meaningful. Finally, we turn to the non-trivial equilibrium, E4. We note that

E4 ∈ ℜ3
+++ provided

ψ ≥ max

(

h (b− ρ)

ρ
−
b (h+ ρ)

κρ
,−

h [η (b− ρ) + j]

j − ηρ
,−

ρ [η (b− ρ) + j]

j (κ− 1) + ηρ

)

(9)

In other words, as long as vaccination rate is sufficiently high, the non-trivial equi-

librium is in the real positive orthant. The threshold value of ψ above which E4

exists in real positive orthant depends on the epidemiological parameters, b, ρ and

j as well as the policy parameter κ. We further note that y4 < 1 if ρ > j and

ψ < κhj+κbh+ηbh−bh−κρh+ηρb−ρb
κ(ρ−j) . Further a sufficient condition for i4 < 1 is that

(κ− 1) j + ηρ > 0. If (κ− 1) j + ηρ < 0 then i4 < 1 if ψ < κhj−hj+ηρh+ηρb
j−κj−ηρ

. If j < ηρ

then r4 < 1 if ψ < (κh−ρ)j+ηbh+ηρ2

ηρ−j
. If j > ηρ then a sufficient condition for r4 < 1 is

that κ > ρj−ηbh−ηρ2

hj
.

Next we turn to the local stability analysis of these steady states. We begin

by examining the local stability of E1. The three eigenvalues of the Jacobian matrix

to (5) evaluated at E1 are4: α, −
[

ρ+ b
(

ψ
h+ψ + 1

)]

and − (h+ ψ). Hence, for α > 0,

one of the eigenvalues is real and positive; thus E1 is locally unstable.

Next, we turn to the ‘good equilibrium’, E2. The three eigenvalues of the

Jacobian matrix to (5) evaluated at E2 are: j(h+ψ)+η(bh−ρh−ψρ)
η(h+ψ) , −α and − (h+ ψ).

It is obvious that two of the three eigenvalues are always negative; further, if the ‘bad

equilibrium’ E3 ∈ ℜ3
+++ then it follows that one of the eigenvalues is positive and

E2 is unstable. In other words, for the ‘good equilibrium’ E2 to be locally stable, it

must be the case that the ‘bad equilibrium’ E3 /∈ ℜ3
+++ and hence, is economically

not meaningful. We further note that E2 is locally stable if the recovery rate, ρ is

sufficiently high, so that the following condition holds true:

ρ >
j

η
+

bh

h+ ψ
(10)

From inequality (10), we can infer that for the solution to converge to the ‘good

equilibrium’, the recovery rate must be sufficiently high. We further note from the

right hand side of (10) that it is more difficult to achieve this inequality if there is an

increase in either b or j, representing an increase in the spread of infection through

4Calculated using Matlab version R2018a (9.4.0.813654). Codes are available from the authors

on request.
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either non-economic or economic interactions. On the other hand, an increase in ψ,

representing an increase in the speed of vaccination, will make it easier to achieve the

‘good equilibrium’.

For determining the local stability properties of the rest of the two steady states,

E3 and E4, we linearize the dynamical system using a version of Routh-Hurwitz

condition found in Flaschel (2009). We compute the Jacobian matrix of the system

of differential equations represented by (5) at the steady state E3 and compute its

characteristic equation,

λ3 + a1λ
2 + a2λ+ a3 = 0 (11)

where λ is the characteristic root and a1, a2 and a3 are the coefficients of the square

term and the linear term, and the constant term respectively. For local stability, we

require that a1 > 0, a3 > 0 and a4 = a1a2 − a3 > 0 (cf. Flaschel 2009, Theorem A.5,

p. 385). We find that at E3, for the characteristic equation,

a1 = h+ ψ + α (κī3 − 1) (12)

and

a3 = αb̄i3 (h+ ρ) (κī3 − 1) (13)

We can rewrite (13) by substituting for ī3 and rewriting in terms of ȳ4 as follows:

a3 = αb̄i3 (h+ ρ) (−ȳ4) (14)

It would be obvious from (14) that if the non-trivial equilibrium, E4 ∈ int ℜ3
+++,

then it follows that at E3 we will have a3 < 0, hence E3 is locally unstable whenever

E4 exists and is economically meaningful.

Finally, we turn to the non-trivial equilibrium, E4. Computing the characteristic

equation to the Jacobian evaluated at E4, we find that

a1 =h+ ψ + b̄i4 + αηȳ4 > 0 for ȳ4, ī4 > 0 (15)

a3 =αȳ4 ī4 (bηh+ bηρ+ hjκ + jκψ) > 0 for ȳ4, ī4 > 0 (16)

a4 =α
2bη2 ī4ȳ

2
4 + α2η2hȳ24 + α2η2ψȳ24 + jκα2ηī4ȳ

2
4 + αb2ηī24ȳ4 + 2αbηhī4ȳ4+

2αbηī4ψȳ4 + jκαb̄i24ȳ4 + αηh2ȳ4 + 2αηhψȳ4 + αηψ2ȳ4 + b2hī24 + ρb2 ī24

+ bh2 ī4 + bhī4ψ + ρbhī4 + ρbiψ > 0 for ȳ4, ī4 > 0 (17)

In other words, the non-trivial equilibrium, E4 is locally stable whenever it exists

inside the real positive orthant. Hence, we can perform comparative dynamics exercise

on it, which we turn to in section 3 below.
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3 Comparative Dynamics of Policy Intervention

In this section, we explore the dynamic effect of changes in the parameters

on the non-trivial steady state, E4. In particular, we focus on parameters which

have policy implications. There are two possible policy parameters which might be

employed by the policymakers in response to the pandemic: the pandemic might

be controlled either by (a) bringing in non-pharmaceutical intervention, involving

restrictions on economic activities, which will primarily change κ; or (b) increasing

the speed of vaccination, affecting ψ. The policy response might also be to improve

medical facilities to handle the pandemic, affecting the recovery rate, ρ. However,

this is likely to be relevant only at the peak of a wave in the pandemic, and not

throughout the pandemic. This is because for most patients except a small percentage

of severe cases, COVID-19 does not require sophisticated medical treatment. Hence,

the time period required for the majority of patients to recover from COVID-19 is

not responsive to policy stance, except at the peak of the pandemic when the medical

infrastructure is put under strain by the scale of the pandemic.5

We begin by perturbing κ, which has important policy implications. We recall

that κ is the sensitivity of the percentage change in the economic activities to the

proportion of population infected with COVID-19. An increase in proportion of in-

fected persons in the population might affect economic activities in two ways: firstly,

infected persons will temporarily drop out of the workforce, disrupting production;

and secondly, increase in proportion of infected persons will induce the policymaker to

introduce various non-pharmaceutical interventions involving restrictions on economic

activities, especially if the policymaker faces various constraints on the possibilities of

quickly increasing the rate of vaccination to control the pandemic. Given that non-

pharmaceutical interventions have been extensively used to control the pandemic, κ

has emerged as an important policy parameter.

By partially differentiating the non-trivial steady state values of ȳ4, with respect

to κ, we find the following:

∂ȳ4
∂κ

= −
b (h+ ρ) (hj + ψj + ηbh− ηρh− ηψρ)

(κhj + κψj + ηbh+ ηρb)2
< 0 for E4 ∈ ℜ3

+++ (18)

The sign of this derivative is negative since the denominator is positive while the

two multiplicative terms in the numerator are both individually positive. The first

term (h + ρ) is positive by definition while the second is positive if ī4 > 0. In other

words, non-pharmaceutical interventions involving restrictions on economic activities

5A case in point is Italy, a country with second highest index of healthcare in the world (Tandon

et al. 2020), had a death rate of nearly 47 percent during the peak of the first wave of the COVID-19

pandemic (March 13, 2020, https://www.worldometers.info/coronavirus/country/italy/) due

to the healthcare infrastructure getting completely overwhelmed by the pandemic.
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will have a negative impact on economic activities, as we would expect. Next, we

partially differentiate ī4 with respect to κ:

∂ī4
∂κ

= −
(h+ ψ) j (hj + ψj + ηbh− ηρh− ηψρ)

(κhj + κψj + ηbh+ ηρb)2
< 0 for E4 ∈ ℜ3

+++ (19)

The sign of this derivative is negative since the denominator is positive while the two

multiplicative terms in the numerator are both individually positive. The first (h+ψ)

is positive by definition while the second is positive if ī4 > 0. In other words, non-

pharmaceutical interventions are effective in reducing the steady state percentage of

infected persons in the population. Finally, we partially differentiate r̄4 with respect

to κ:
∂r̄4
∂κ

=
(ψ − ρ) j (hj + ψj + ηbh− ηρh− ηψρ)

(κhj + κψj + ηbh+ ηρb)2
(20)

The sign of this derivative depends on whether ψ > ρ, since the denominator is pos-

itive while the second multiplicative term in the numerator is positive if ī4 > 0. If

ψ > ρ, this means that a greater proportion of population is acquiring immunity

through vaccination rather than through recovering from the infection. An increase

in non-pharmaceutical interventions leave a larger fraction of population without in-

fection, and hence eligible to get vaccinated to acquire immunity. Hence an increase in

κ is helpful in immunizing the population quickly. On the other hand, if ψ < ρ, then

a greater proportion of population is acquiring immunity through recovering from

an infection rather than getting vaccinated. In such a scenario, non-pharmaceutical

interventions, by preventing infection, slows down this process. Hence, an increase in

κ has a negative impact on the proportion of population who are immune or resistant

to infection.

Next, we turn to the effect of changing the rate of vaccination, ψ. Partially

differentiating ȳ4, ī4 and r̄4 with respect to ψ:

∂ȳ4
∂ψ

=
κb

(

κhj − hj − ρj + ηρh+ ηρ2
)

(κhj + κψj + ηbh+ ηρb)2
> 0

∂ī4
∂ψ

= −
ηb

(

κhj − hj − ρj + ηρh+ ηρ2
)

(κhj + κψj + ηbh+ ηρb)2
< 0

∂r̄4
∂ψ

=
(κj + ηb)

(

κhj − hj − ρj + ηρh+ ηρ2
)

(κhj + κψj + ηbh+ ηρb)2
> 0



































for κ >
(h+ ρ) (j − ηρ)

hj
(21)

i.e. an increase in the rate of vaccination might increase the level of economic activi-

ties, reduce the proportion of infected persons and increase the proportion of resistant

or immune persons in the population in the steady state, provided that certain min-

imum level of non-pharmaceutical interventions are in place which respond to the

spread of the pandemic. In other words, for the vaccination to have its beneficial

effect, the vaccination efforts need to be complemented with certain amount of non-

pharmaceutical interventions as well.6 κ here plays two types of complementary role:

6We should, however, note that if j < ηρ, then vaccination alone can improve the outcome

even without being accompanied by non-pharmaceutical interventions. Given that usually η > 1,
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when the proportion of infected in the population increases, it has a depressing impact

on y through κ; on the other hand, when the proportion of infected reduces, κ helps

revive the economy by reducing its negative impact on y. Overall, this type of policy

responsiveness is important to control the pandemic and revive the economy.

4 Numerical Simulation

We next illustrate some of our points made above with numerical examples.7

Consider the following parameter configuration:

η = 1.1; b = 0.1; ρ = 0.1; j = 0.1; ψ = 0.01; h = 0.05; κ = 0.5

The steady states then will be atE1 : (0, 0, 0), E2 : (0.9091, 0, 0.1667), E3 : (0,−0.0667, 0.0667)

and E4 : (0.7949, 0.2513, 0.5436). At the non-trivial equilibrium, around 25.1% of the

population is infected with COVID-19. The non-trivial equilibrium is stable for all

positive values of α. Starting from an initial point of (0.9, 0.2, 0.2), with α = 0.1, we

find that the solutions converge to the non-trivial equilibrium. The phase-portrait

and the time-series of the solution is shown in figure 2.
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Figure 2: Convergence to non-trivial steady state, E4

As discussed in section 3, the steady state responds to policy shocks. For

instance, if the government introduces non-pharmaceutical interventions in order to

control the pandemic, so that κ increases from 0.5 to 3, then the solutions converge to

if either j can be brought down through adoption of safety measures (like social distancing, masks,

sanitizers and modifications to working conditions in line with COVID-19 protocols) at workplace,

or the recovery rate, ρ can be increased, by improving the medical facilities, non-pharmaceutical

interventions which restrict economic activities might not be required.
7All numerical analyses in this study are performed using Matlab version R2018a (9.4.0.813654).

Codes are available from authors on request.
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the new non-trivial equilibrium given by E4 : (0.5217, 0.1420, 0.3797), i.e. the propor-

tion of infected persons in the population is reduced from around 25.1% to 14.2%, but

this comes at the cost of a fall in economic activities. However, instead of increasing

κ, if the vaccination rate is increased, so that ψ increases from 0.01 to 0.4, then the so-

lutions converge to the non-trivial equilibrium given by E4 : (0.8974, 0.0256, 0.8718),

i.e. the rate of infection is reduced to about 2.5% without a large impact on eco-

nomic activities. However, it might not be possible for every country to reduce the

vaccination rate so sharply, at least in the short-run.

The fact that policymakers often have multiple and often conflicting objective

of controlling the pandemic, while maintaining the level of economic activities, and

are often not in a position (due to economic as well as political reasons) to quickly

increase the capacity to vaccinate, might often result in policy flip-flops leading to

waves of the pandemic. Consider, for instance, an illustration of simulation under

policy shocks shown in figure 3. Initially, the economy is in a pre-pandemic situation

with no infected persons. The pandemic breaks out at t = 500, leading to sudden

rise of infected persons, which also adversely affects the economy with a fall in y.

Initial value of κ is at 0.5. The economy quickly settles down to the new equilibrium

with lower y and higher i. The pandemic forces the policymaker to respond with

non-pharmaceutical interventions, leading to a rise in κ from 0.5 to 3 at t = 1000.

This leads to a fall in the proportion of infected persons, but this comes at the cost of

a sharp fall in economic activities. This economic cost, along with temporary fall in

the number of infected persons prompt the government to withdraw some of the non-

pharmaceutical interventions at t = 1500, leading to the κ falling back to 0.5. This

leads to partial revival of the economy, but the cases of infection start rising again,

leading to re-imposition of non-pharmaceutical interventions at t = 2000. Once again,

this leads to fall in cases of infection, but at the cost of a fall in economic activities.

Finally, at t = 2500, the government is finally able to sharply increase the vaccination

rate, leading to a fall in the proportion of infected persons along with negligible impact

on the level of economic activities.

The broad experience with many countries might seem to be similar to the

pattern outlined above. However, we should note that given the abstractions of our

model, the solution discussed above should be taken only as a logical culmination of

some of the possibilities and not an actual estimated or calibrated model.

5 Conclusions

The mathematical model set out in this paper is one way of capturing some

aspects of the interactive dynamics of the economy and the COVID-19 epidemic with

a key role for the dynamics of vaccination. We demonstrate the existence of a steady

state with non-zero levels of economic activity, the share of infected in the population
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Figure 3: Simulation under policy shock

and the share of recovered (including the vaccinated) in the population. This steady

state, if it is economically meaningful (i.e. is in the positive orthant), will be locally

stable. On the other hand, a pandemic-free economic recovery might be attainable

only when either the recovery rate or the rate of vaccination is above a threshold.

We further find that both the economic as well as the epidemiological variables

are sensitive to policy interventions in the form of non-pharmaceutical interventions

and increase in the rate of vaccination. If the policymaker more aggressively intervenes

in restricting (relaxing) economic activities in response to an increase (decrease) in

the proportion of infected persons in the population, it leads to fall in the proportion

of infected persons, but this comes at the cost of an economic contraction. The non-

pharmaceutical interventions also leads to a rise in resistant population if the rate of

vaccination exceeds the rate of recovery, since the non-pharmaceutical interventions

allow a larger proportion of population who are susceptible, and hence, available

for vaccination. However, if the vaccination rates are lower than the recovery rates,

than non-pharmaceutical interventions will lead to a fall in the proportion of resistant

population as a smaller fraction of population will acquire immunity through infection.

An increase in the rate of vaccination, on the other hand, might lead to an in-

crease in both economic activity as well as a fall in infection; however this will happen

only if the non-pharmaceutical interventions are retained above a threshold level. In

other words, the non-pharmaceutical interventions are complementary to vaccination

– neither of these two policy responses can replace the other. We also demonstrated,

numerically for certain parameter configurations, that policy inconsistencies and flip-

flops in the form of periodic imposition and withdrawal of non-pharmaceutical inter-

16



ventions might result in wave-like temporal trajectory of all the three variables. This

wave like temporal trajectory can be attenuated only if the rate of vaccination can be

increased significantly.

The model of this paper can be extended in a number of ways, of which we

mention only three here. Firstly, the recovery rate might positively depend on the

proportion of population which is vaccinated (since vaccinated persons, even if in-

fected, might only acquire a milder variety of the disease and recover faster). Sec-

ondly, non-pharmaceutical interventions might be endogenized as a separate dynamic

process, which generates cyclical behavior endogenously. Thirdly, the fraction of re-

sistant population who loses their immunity might depend on the share of infected

persons in the population, because a larger number of infected persons favors muta-

tion of the virus into newer variants which are resistant to existing antibodies and

vaccines. We hope to take up some of these issues in future extensions of our work.
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